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Introduction
Consider the d-dimensional unit sphere
: |x x x| = 1 where the standard Euclidean inner product is x x x · y y y = ∑ d+1 i=1 x i y i and |x x x| 2 = x x x · x x x. A numerical integration (quadrature) rule for S d is a set of N points x x x j ∈ S d , j = 1, . . . , N and associated weights w j > 0, j = 1, . . . , N such that
Here σ d (x x x) is the normalised Lebesgue measure on S d with surface area
where Γ (·) is the gamma function. Let P t (S d ) denote the set of all spherical polynomials on S d of degree at most t. A spherical t-design is a set of N points X N = {x x x 1 , . . . , x x x N } on S d such that equal weight quadrature using these nodes is exact for all spherical polynomials of degree at most t, that is
Spherical t-designs were introduced by Delsarte, Goethals and Seidel [24] who provided several characterizations and established lower bounds on the number of points N required for a spherical t-design. Seymour and Zaslavsky [55] showed that spherical t-designs exist on S d for all N sufficiently large. Bondarenko, Radchenko and Viazovska [8] established that there exists a C d such that spherical t-designs on S d exist for all N ≥ C d t d , which is the optimal order. The papers [21, 5, 20] provide a sample of many on spherical designs and algebraic combinatorics on spheres.
An alternative approach, not investigated in this paper, is to relax the condition w j = 1/N that the quadrature weights are equal so that |w j /(1/N) − 1| ≤ ε for j = 1, . . . , N and 0 ≤ ε < 1, but keeping the condition that the quadrature rule is exact for polynomials of degree t (see [57, 69] for example).
The aim of this paper is not to find spherical t-designs with the minimal number of points, nor to provide proofs that a particular configuration is a spherical t-design. Rather the aim is to find sequences of point sets which are at least computationally spherical t-designs, have a low number of points and are geometrically well-distributed on the sphere. Such point sets provide excellent nodes for numerical integration on the sphere, as well as hyperinterpolation [56, 40, 59 ] and fully discrete needlet approximation [65] . These methods have a requirement that the quadrature rules are exact for certain degree polynomials. More generally, [41] provides a summary of numerical integration on S 2 with geomathematical applications in mind.
Spherical Harmonics and Jacobi Polynomials
A spherical harmonic of degree on S d is the restriction to S d of a homogeneous and harmonic polynomial of total degree defined on R d+1 . Let H denote the set of all spherical harmonics of exact degree on S d . The dimension of the linear space H is Z(d, ) := (2 + d − 1) 
Let P (α,β ) (z), −1 ≤ z ≤ 1, be the Jacobi polynomial of degree for α, β > −1.
The Jacobi polynomials form an orthogonal polynomial system with respect to the Jacobi weight w α,β (z) := (1 − z) α (1 + z) β , −1 ≤ z ≤ 1. We denote the normalised Legendre (or ultraspherical/Gegenbauer) polynomials by
2 ) (z)
, where, from [61, (4.1.1)], P (α,β ) (1) = Γ ( + α + 1)
and [61, Theorem 7.32.2, p. 168],
The derivative of the Jacobi polynomial satisfies [61] d P (α,β ) (z)
Also if is odd then the polynomials P (d+1) are odd and if is even the polynomials
A zonal function K : S d × S d → R depends only on the inner product of the arguments, i.e. K(x x x, y y y) = K(x x x · y y y), x x x, y y y ∈ S d , for some function
Frequent use is made of the zonal function P (d+1) (x x x · y y y).
The normalised Legendre polynomial P (d+1) (x x x · y y y) satisfies the addition theorem (see [61, 64, 3] for example)
Number of Points
Delsarte, Goethals and Seidel [24] showed that an N point t-design on S d has N ≥ N * (d,t) where
On S 2
if t even.
Bannai and Damerell [6, 7] showed that tight spherical t-designs which achieve the lower bounds (10) cannot exist except for a few special cases (for example except for t = 1, 2, 3, 5 on S 2 ) . Yudin [68] improved (except for some small values of d,t, see Table 2 ), the lower bounds (10) , by an exponential factor (4/e) d+1 as t → ∞, so N ≥ N + (d,t) where
and γ is the largest zero of the derivative
and hence the largest zero of
where j 0 (ν) is the first positive zero of the Bessel function J ν (x).
Numerically there is strong evidence that spherical t-designs with N = D(2,t) = (t +1) 2 points exist, [18] and [17] used interval methods to prove existence of spherical t-designs with N = (t + 1) 2 for all values of t up to 100, but there is no proof yet that spherical t-designs with N ≤ D(2,t) points exist for all degrees t. Hardin and Sloane [35] , [36] provide tables of designs with modest numbers of points, exploiting icosahedral symmetry. They conjecture that for d = 2 spherical t-designs exist with N = t 2 /2 + o(t 2 ) for all t. The numerical experiments reported here and available from [66] strongly support this conjecture.
McLaren [46] defined efficiency E for a quadrature rule as the ratio of the number of independent functions for which the rule is exact to the number of arbitrary constants in the rule. For a spherical t-design with N points on S d (and equal weights)
In these terms the aim is to find spherical t-designs with E ≥ 1. McLaren [46] exploits symmetry (in particular octahedral and icosahedral) to seek rules with optimal efficiency. The aim here is not to maximise efficiency by finding the minimal number of points for a t-design on S d , but rather a sequence of efficient t-designs with N
. Such efficient t-designs provide a practical tool for numerical integration and approximation.
Geometric Quality
The Geodesic distance between two points x x x, y y y ∈ S d is dist(x x x, y y y) = cos −1 (x x x · y y y), while the Euclidean distance is |x x x − y y y| = 2(1 − x x x · y y y) = 2 sin(dist(x x x, y y y)/2).
The spherical cap with centre z z z ∈ S d and radius η ∈ [0, π] is
is twice the packing radius for spherical caps of the same radius and centers in X N . The best packing problem (or Tammes problem) has a long history [21] , starting with [62, 53] . A sequence of point sets {X N } with N → ∞ has the optimal order separation if there exists a constant c
The separation, and all the zonal functions considered in subsequent sections, are determined by the set of inner products
which has been widely used in the study of spherical codes, see [21] for example. Then max
Point sets are only considered different if the corresponding sets (15) differ, as they are invariant under an orthogonal transformation (rotation) of the point set and permutation (relabelling) of the points. The mesh norm (or fill radius)
gives the covering radius for covering the sphere with spherical caps of the same radius and centers in X N . A sequence of point sets {X N } with N → ∞ has the optimal order covering if there exists a constant c cov d independent of N such that
The mesh ratio is
A common assumption in numerical methods is that the mesh ratio is uniformly bounded, that is the point sets are quasi-uniform. Minimal Riesz s-energy and best packing points can also produce quasi-uniform point sets [23, 34, 10] . Yudin [67] showed that a spherical t-design with N points has a covering radius of the optimal order 1/t. Reimer extended this to quadrature rules exact for polynomials of degree t with positive weights. Thus a spherical t-design with N = O(t d ) points provides an optimal order covering.
The union of two spherical t-designs with N points is a spherical t-design with 2N points. A spherical design with arbitrarily small separation can be obtained as one N point set is rotated relative to the other. Thus an assumption on the separation of the points of a spherical design is used to derive results, see [38] for example. This simple argument is not possible if N is less than twice a lower bound (10) or (12) on the number of points in a spherical t-design.
Bondarenko, Radchenko and Viazovska [9] have shown that on S d well-separated spherical t-designs exist for N ≥ c d t d . This combined with Yudin's result on the covering radius of spherical designs mean that there exist spherical t-designs with N = O(t d ) points and uniformly bounded mesh ratio.
There are many other "geometric" properties that could be used, for example the spherical cap discrepancy, see [32] for example, (using normalised surface measure so
or a Riesz s-energy, see [12] for example,
In distinguishing between spherical t-designs with the same number N of points we prefer those with lower mesh ratio. Note that some authors, see [34, 10] for example, define the mesh ratio asρ(X N ) = h(X N )/δ (X N ) ≥ 1/2.
Variational Characterizations
Delsarte, Goethals and Seidel [24] showed that X N = {x x x 1 , . . . , x x x N } ⊂ S d is a spherical t-design if and only if the Weyl sums satisfy 
so the generalised Legendre coefficients a for degrees = 1, . . . ,t are all strictly positive. Clearly any such function ψ t can be scaled by an arbitrary positive constant without changing these properties. Consider now an arbitrary set X N of N points on S d . Sloan and Womersley [58] considered the variational form
which from (6) satisfies
Moreover the average value is
As the upper bound and average of V t,N,ψ (X N ) depend on ψ t (1), we concentrate on functions ψ for which ψ t (1) does not grow rapidly with t.
From the addition theorem (9), V t,N,ψ (X N ) is a weighted sum of squares with strictly positive coefficients
where D D D is the diagonal matrix with strictly positive diagonal elements
Moreover, if the global minimum of V t,N,ψ (X N ) > 0 then there are no spherical tdesigns on S d with N points. Given a polynomial ψ t (z) of degree t and strictly positive Legendre coefficients, the zero order term may need to be removed to get ψ t (z) = ψ t (z) − a 0 where for
Three examples of polynomials on [−1, 1] with strictly positive Legendre coefficients for S d and zero constant term, with α = (d − 2)/2 are:
where
For d = 2 this simplifies to a 0 = 1/t if t is odd and a 0 = 1/(t + 1) if t is even. This function was used by Grabner and Tichy [32] for symmetric point sets where only even values of t need to be considered, as all odd degree polynomials are integrated exactly. Example 2
For d = 2 this simplifies to a 0 = 1/(1 + t). This is a scaled version of the function (1 + z) t used by Cohn and Kumar [20] for which a 0 must be scaled by 2 t producing more cancellation errors for large t. Example 3
where a 0 is given by (22) . The expansion in terms of Jacobi polynomials in Szegő [61, Section 4.5] gives
For S 2 this is equivalent to
used in Sloan and Womersley [58].
Quadrature Error
The error for numerical integration depends on the smoothness of the integrand. Classical results are based on the error of best approximation of the integrand f by polynomials [51] , (see also [41] for more details on S 2 ). For f ∈ C κ (S d ), there exists a constant c = c(κ, f ) such that the numerical integration error satisfies
If N = O(t d ) then the right-hand-side becomes N −κ/d . Thus for functions with reasonable smoothness it pays to increase the degree of precision t. Similar results are presented in [14] , building on the work of [39, 37], for functions f in a Sobolev space
The worst-case-error for equal weight (quasi Monte-Carlo) numerical integration using an arbitrary point set X N is
From this it immediately follows that the error for numerical integration satisfies
Spherical t-designs X N with N = O(t d ) points satisfy the optimal order rate of decay of the worst case error, for any s > d/2, namely
Thus spherical t-designs with N = O(t d ) points are ideally suited to the numerical integration of smooth functions.
Computational Issues
The aim is to find a spherical t-design with N points on S d by finding a point set X N achieving the global minimum of zero for the variational function V t,N,ψ (X N ). This section considers several computational issues: the evaluation of V t,N,ψ (X N ) either as a double sum or using its representation (18) as a sum of squares; the parametrisation of the point set X N ; the number of points N as a function of t and d; the choice of optimization algorithm which requires evaluation of derivatives with respect to the chosen parameters; exploiting the sum of squares structure which requires evaluating the spherical harmonics and their derivatives; and imposing structure on the point set, for example symmetric (antipodal) point sets. An underlying issue is that optimization problems with points on the sphere typically have many different local minima with different characteristics. Here we are seeking both a global minimizer with value 0 and one with good geometric properties as measured by the mesh ratio. The calculations were performed using Matlab, on a Linux computational cluster using nodes with up to 16 cores. In all cases analytic expressions for the derivatives with respect to the chosen parametrisation were used.
Evaluating Criteria
Although the variational functions are nonnegative, there is significant cancellation between the (constant) diagonal elements ψ t (1) and all the off-diagonal elements with varying signs as
Accurate calculation of such sums is difficult, see [42] for example, especially getting reproducible results on multi-core architecture with dynamic scheduling of parallel non-associative floating point operations [25] . Example 1 has ψ 1,t (1) = 2 and Example 2 has ψ 2,t (1) = 1, both independent of t, while Example 3 has 
which grows with the degree t (for d = 2, ψ 3,t (1) = t). These functions are illustrated in Fig. 1 . As the variational objectives can be scaled by an arbitrary positive constant, you could instead have used ψ 3,t
. Ratios of gamma functions, as in the expressions for a 0 , should not be evaluated directly, but rather simplified for small values of d or evaluated using the log-gamma function. The derivatives, essential for large scale non-linear optimization algorithms, are readily calculated using
and the Jacobian of the (normalised) spherical parametrisation (see Section 4.2).
Because of the interest in the use of spherical harmonics for the representation of the Earth's gravitational field there has been considerable work, see [43, 44] and [29, Section 7.24.2] for example, on the evaluation of high degree spherical harmonics for S 2 . For (x, y, z) T ∈ S 2 the real spherical harmonics [54, Chapter 3, Section 18] are usually expressed in terms of the coordinates z = cos(θ ) and φ . In terms of the coordinates (x, φ 2 ) = (cos(φ 1 ), φ 2 ), see (28) below, they are the Z(2, ) = 2 + 1 functions
are versions of the Schmidt semi-normalised associated Legendre functions for which stable three-term recurrences exist for high (about 2700) degrees and orders. The normalization constantsĉ ,0 ,ĉ ,k are, for normalised surface measure,
For S 2 these expressions can be used to directly evaluate the Weyl sums (16) , and hence their sum of squares, and their derivatives.
Spherical Parametrisations
There are many ways to organise a spherical parametrisation of
The inverse transformation used is, for i = 1, . . . , d − 1
The last component can be calculated using the four quadrant atan2 function and periodicity to get φ d ∈ [0, 2π). Spherical parametrisations introduce potential singularities when φ i = 0 or φ i = π for any i = 1, . . . , d − 1.
As all the functions considered are zonal, they are invariant under an orthogonal transformation (rotation). Thus the point sets are normalised so that the d
The first normalised point is x x x 1 = e e e 1 = (1, 0, . . . , 0) ∈ R d+1 . Such a rotation can easily be calculated using the QR factorization of X X X combined with sign changes to the rows Q. The corresponding normalised spherical parametrisation has
where the jth column of Φ corresponds to the point x x x j , j = 1, . . . , N. The optimisation variables are then
It is far easier to work with a spherical parametrisation with bound constraints than to impose the quadratic constraints x x x j · x x x j = 1, j = 1, . . . , N, especially for large N.
As the optimization criteria have the effect of moving the points apart, the use of the normalised point sets reduces difficulties with singularities at the boundaries corresponding to
For S 2 , these normalised point sets may be rotated (the variable components reordered) using A symmetric (or antipodal) point set (x x x ∈ X N ⇐⇒ −x x x ∈ X N ) must have N even, so can be represented as X X X = [X X X −X X X] where the d + 1 by N/2 array of points X X X is normalised as above.
If only zonal function functions depending just on the inner products x x x i · x x x j are used then you could use the variables Z Z Z i, j = x x x i · x x x j , so
where e e e = (1, . . . , 1) T ∈ R N and Z Z Z 0 indicates Z Z Z is positive semi-definite. The major difficulties with such a parametrisation are the number N(N − 1)/2 of variables and the rank condition. Semi-definite programming relaxations (without the rank condition) have been used to get bounds on problems involving points on the sphere (see, for example, [4] ).
Degrees of Freedom for S d
Using a normalised spherical parametrisation of N points on
The number of conditions for a t-design is
Using the simple criterion that the number of variables n is at least the number of conditions m, gives the number of points as
For S 2 there are n = 2N − 3 variables and m = (t + 1) 2 − 1 conditions giving N(2,t) := (t + 1) 2 )/2 + 1.
Grabner and Sloan [31] obtained separation results for N point spherical t-designs when N ≤ τ 2N * and τ < 1. For d = 2, N is less than twice the lower bound N * as
but the difference is only a lower order term. The values for N(2,t), N * (2,t) and the Yudin lower bound N + (2,t) are available in Tables 2 -10 . The idea of exploiting symmetry to reduce the number of conditions that a quadrature rule should satisfy at least goes back to Sobolev [60] . For a symmetric point set (both x x x j , −x x x j in X N ) then all odd degree polynomials Y ,k or P (d+1) are automatically integrated exactly by an equal weight quadrature rule. Thus, for t odd, the number of conditions to be satisfied is
The number of free variables in a normalised symmetric point set
Again the simple requirement that n ≥ m gives the number of points as
For d = 2 this simplifies, again for t odd, to
N(2,t) is slightly less than N(2,t), comparable to twice the lower bound N * (2,t) as Table 1 , where D(d,t) defined in (4) is the dimension of P t (S d ). From (14), a spherical t-design with N(d,t) or N(d,t) points has efficiency E ≈ 1. Also the leading term of both N(d,t) and N(d,t) is 2 d /d times the leading term of the lower bound N * (d,t). 24 + O(t 3 ) Table 1 The lower bound N * (d,t), the number of points N(d,t) (symmetric point set) and N(d, T ) to match the number of conditions and the dimension of P t (S d ) for d = 2, 3, 4, 5
Optimization Algorithms
As with many optimization problems on the sphere there are many distinct (not related by an orthogonal transformation or permutation) points sets giving local minima of the optimization objective. For example, Erber and Hockney [27] and Calef et al [16] studied the minimal energy problem for the sphere and the large number of stable configurations.
Gräf and Potts [33] develop optimization methods on general Riemannian manifolds, in particular S 2 , and both Newton-like and conjugate gradients methods. Using a fast method for spherical Fourier coefficients at non-equidistant points they obtain approximate spherical designs for high degrees.
While mathematically it is straight forward to conclude that if V t,N,ψ (X N ) = 0 then X N is a spherical t-design, deciding when a quantity is zero with the limits of standard double precision floating point arithmetic with machine precision ε = 2.2 × 10 16 is less clear (should 10 −14 be regarded as zero?). Extended precision libraries and packages like Maple or Mathematica can help. A point set X N with V t,N,ψ (X N ) ≈ ε does not give a mathematical proof that is X N is a spherical t-design, but X N may still be computationally useful in applications.
On the other hand showing that the global minimum if V t,N,ψ (X N ) is strictly positive, so no spherical t-design with N points exist, is an intrinsically hard problem problem. Semi-definite programming [63] provides an approach [50] to the global optimization of polynomial sum of squares for modest degrees.
For d = 2 a variety of gradient based bound constrained optimization methods, for example the limited memory algorithm [15, 47] , were tried both to minimise the variational forms V t,N,ψ (X N ). Classically, see [48] for example, methods can exploit the sum of squares structure r r r(X N ) T r r r(X N ). In both cases it is important to provide derivatives of the objective with respect to the parameters. Using the normalised spherical parametrisation φ φ φ of X N , the Jacobian of the residual r r r(φ φ φ ) is A A A :
For symmetric point sets with N = N(d,t) points, the number of variables n is given by (34) and the number of conditions m by (33) corresponding to even degree spherical harmonics.
The well-known structure of a nonlinear least squares problem, see [48] for example, gives, ignoring the 1/N 2 scaling in (18),
If φ φ φ * has r r r(φ φ φ * ) = 0 0 0 and A A A(φ φ φ * ) has rank n, the Hessian
is positive definite and φ φ φ * is a strict global minimizer. Here this is only possible when n = m, for example when d = 2 and t is odd, see Tables 2, 3 N = N(3,t) gives n = m, n = m + 1 or n = m + 3 depending on the value of t, see Table 9 . Thus a LevenbergMarquadt or trust region method, see [48] (19), (21) or (23) will also be singular at the solution. These disadvantages could have been reduced by choosing the number of points N so that n < m, but then there may not be solutions with V t,N,ψ (X N ) = 0, that is spherical t-designs may not exist for that number of points. Many local solutions were found as well as (computationally) global solutions which differed depending on the starting point and the algorithm parameters (for example the initial Levenberg-Marquadt parameter ν, initial trust region, line search parameters etc). Even when n = m there are often multiple spherical designs for same t, N, which are strict global minimisers, but have different inner product sets A (X N ) in (15) and different mesh ratios.
Structure of Point Sets
There are a number of issues with the spherical designs studied here.
• There is no proof that spherical t-designs on • The point sets are not nested, that is the points of a spherical t-design are not necessarily a subset of the points of a t -design for some t > t.
• The point sets do not lie on bands of equal φ 1 (latitude on S 2 ) making them less amenable for FFT based methods.
• The point sets are obtained by extensive calculation, rather than generated by a simple algorithms as for generalized spiral or equal area points on S 2 [52] . Once calculated the point sets are easy to use.
An example of a point set on S 2 that satisfies the last three issues are the HELAPix points [30] , which provide a hierarchical, equal area (so exact for constants), isolatitude set of points widely used in cosmology. Tables 2, 3 and 4 the variational criteria based on the three functions ψ 1,t , ψ 2,t and ψ 3,t all have values close to the double precision machine precision of ε = 2.2 × 10 −16 for all degrees t = 1, . . . , 180. Despite being theoretically non-negative, rounding error sometimes gives negative values, but still close to machine precision. The potential values using ψ 3,t are slightly larger due to the larger value of ψ 3,t (1). The tables also give the unscaled sum of squares r r r(X N ) T r r r(X N ), which is also plotted in Fig. 2 . These tables also list both the Delsarte, Goethals and Seidel lower bounds N * (2,t) and the Yudin lower bound N + (2,t), plus the actual number of points N. The number of points N = N(2,t), apart from t = 3, 5, 7, 9, 11, 13, 15 when N = N(2,t) − 1. There may well be spherical t-designs with smaller values of N and special symmetries, see [35] for example. For all these point sets the mesh ratios ρ(X N ) are less than 1.81, see 
Tables of Results

Spherical t-Designs
Symmetric Spherical t-Designs for S 2
For S 2 a t-design with a sightly smaller number of points N(2,t) can be found by constraining the point sets to be symmetric (antipodal). A major computational advantage of working with symmetric point sets is the reduction (approximately half), for a given degree t, in the number of optimization variables n and the number of terms m in the Weyl sums. Tables 5, 6 and 7 list the characteristics of the calculated t-designs for t = 1, 3, 5, . . . , 325, as a symmetric 2k-design is automatically a 2k + 1-design. These tables have t = N(2,t) except for t = 1, 7, 11. These point sets, again available from [66], provide excellent sets of points for numerical integration on S 2 with mesh ratios all less than 1.78 for degrees up to 325, as illustrated in Fig. 3 .
Designs for d = 3
For d = 3, Z(3, ) = ( +1) 2 , so the dimension of the space of polynomials of degree at most t in S 3 is D(3,t) = Z(4,t) = (t + 1)(t + 2)(2t + 3)/6. Comparing the number of variables with the number of conditions, with no symmetry restrictions, gives
while for symmetric spherical designs on S 3 N(3,t) = 2 t 3 + 3t 2 + 2t + 30 18 .
The are six regular convex polytopes with N = 5, 8, 16, 24, 120 and 600 vertices on S 3 [22] (the 5-cell, 16-cell, 8-cell, 24-cell, 600-cell and 120-cell respectively) giving spherical t-designs for for t = 2, 3, 5, 7, 9, 11 and 11. The energy of regular sets on S 3 with N = 2, 3, 4, 5, 6, 8, 10, 12, 13, 24 , 48 has been studied by [1] . The N = 24 vertices of the D4 root system [19] provides a one-parameter family of 5-designs on S 3 . The Cartesian coordinates of the regular point sets are known, and these can be numerically verified to be spherical designs. The three variational criteria using (19) , (21) and (23) are given for these point sets in Table 8 . Fig. 4 clearly illustrates the difference between the widely studied [24, 21, 11] inner product set A (X N ) for a regular point set (the 600-cell with N = 120) and a computed spherical 13-design with N = 340.
The results of some initial experiments in minimising the three variational criteria are given in Tables 9 and 10 . For d > 2, it is more difficult to quickly generate a point set with a good mesh ratio to serve as an initial point for the optimization algorithms. One strategy is to randomly generate starting points, but this both makes the optimization problem harder and tends to produce nearby point sets which are local minimisers and have poor mesh ratios as the random initial points may have small separation [13] . Another possibility is the generalisation of equal area points to d > 2 by Leopardi [45] . For a given t and N there are still many different point sets with objective values close to 0 and different mesh ratios. To fully explore spherical t-designs for d > 2, a stable implementation of the spherical harmonics is needed, so that least squares minimisation can be fully utilised. Table 9 Computed spherical t-designs on S 3 for degrees t = 1,...,20, with N = N(3,t) t N * (3,t) N + (3,t) N n m V t,N,ψ 1 (X N ) V t,N,ψ 2 (X N ) V t,N,ψ 3 (X N ) δ (X N ) h(X N ) ρ(X N ) Table 10 Computed symmetric spherical t-designs on S 3 for degrees t = 1,3,...,31, with N = N(3,t)
